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A Brief misdirection

Theorem
(Conway, Gordon): Every embedding of a complete graph on 6
vertices contains a non-trivial link. We say it is intrinsically
linked.

Definition
A directed graph is intrinsically linked if every embedding of it in
R3 contains a linked pair of directed cycles (essentially two
oriented knots that are linked).
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as K6).



A Brief misdirection

Definition
A directed graph is intrinsically linked if every embedding of it in
R3 contains a linked pair of directed cycles (essentially two
oriented knots that are linked).

Theorem
Rich: For every n, directions for the edges of Kn can be chosen
so the resulting directed graph is not intrinsically linked.

• In fact the embeddings contain no directed cycles at all!

Conjuestion
Natalie Rich, H: The complete directed graph on 6 vertices is
intrinsically linked. (Note this graph has twice as many edges
as K6).



Polygonal Knots (aka Stick Knots)

A polygonal knot
is a finite connected linear
embedding of a graph all of
whose vertices have degree 2.

• See this talk is about knots
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A polygonal knot
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• The trefoil on left is built
from 6 straight sticks.

• Any embedding of a knot
can be approximated
arbitrarily closely by
polygonal knots.
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Some Links

Links

• Recall A link
is split if the
components
can be pulled
apart.



Terminology

Definition
An Unlink of n-components is a collection of n unknots each of
which bounds an embedded disk in the complement of the
others.

Figure: An Unlink

.



Definition
A Brunnian link is a link with n ≥ 3 components, such that the
entire link is not the unlink, but every link of n − 1 components
or fewer is the unlink.

Figure: The Borromean Rings are a Brunnian link of 3 components.



Figure: The Borromean Rings on the left.
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• These circles are all the same size. Can you build the
Borromean rings out of two big circles and one small
circle?

• Trick question alert!
• Also known as the speaker just lied to you!
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Theorem
(Freedman, Skora) No Brunnian Link can be built out of
(geometrically) round circles.

• How can this be true?



Theorem
(Freedman, Skora) No Brunnian Link can be built out of
(geometrically) round circles.

• This was proven in the 80’s by Mike Freedman and Skora.
• It was reproven just for the case of the Borromean Rings in

the early 90’s by Bernt Lindstrom and Hans-Olov
Zetterstrom (in Borromean circles are impossible. Amer.
Math. Monthly 98 (1991), no. 4, 340-341.) and

• Independently the case of the Borromean rings was
reproven in the simplest proof yet by Ian Agol in 1993.



Theorem
(H, Knot Theory and Its Ramifications) The only Brunnian link
of n ≤ 4 components that can be built out of convex planar
curves is the Borromean Rings.

• The B. Rings can be built from 2 circles and an ellipse.

K1 = {x2 + y2 = 4, z = 0}
K2 = {y2 + z2 = 9, x = 0}

K3 = {x2 +
z2

16
= 1, y = 0}.

• Student Bob Davis generalized the theorem above to
include n = 5.

• Note that there are an infinite number of Brunnian links
with 3 components. (The same is true for any n,n ≥ 3).
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Forming the rings from other shapes.

Some other convex
shapes work, too.

• The rings can also
be built out of three
rectangles as in this
picture created by
Paul Bourke.



How hard is it really to form the Borromean rings?

• We can’t form the Borromean Rings out of 3 circles.
• We can form them out of some convex curves.
• Can we form them from a random set of convex planar

curves that are not all circles?

Conjecture
(Matthew Cook) The Borromean Rings can be formed out of
any set of three unknots as long as at least one of them is not a
circle.

• This is a strong conjecture!
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Borromean rings through rigid motions of the individual
components together with possible scaling of the components.

• Note that any knot can be approximated arbitrarily closely
by a polygonal knot, so any three unknots are arbitrarily
close in some sense to being able to form the Borromean
rings if you allow scaling.

• This does not imply Cook’s conjecture.
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How hard is it really to form the Borromean rings?

Theorem
Any three planar curves may be used to form the Borromean
Rings through rigid motions of the plane together with scaling
of the components as long as at least one of the components is
not convex.

• Note: here we are not requiring the components to be
polygonal knots.



Flashback to the our very first image of the Borromean
Rings

Note that in our first
image of the
Borromean rings in
some sense
K1 lies inside K2 but
K2 lies inside K3
and yet
K3 lies inside K1

.

• We will try to
replicate this with
polygonal knots.
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K1 lies inside K2 but K2 lies inside K3 and yet K3 lies
inside K1

• This interlacing aspect can been seen if we take the flat
disks the components bound and look at how one
intersects the other two.

• For each disk, Dr ∩ (Ds ∪ Dt) looks like the cross above
with one arc running from the knot to itself and the other
strictly on the interior.



K1 lies inside K2 but K2 lies inside K3 and yet K3 lies
inside K1

• If we can ever take three unknots and their corresponding
disks and force all three to have this pattern, we win!

• We now try to take steps to force this pattern on a random
set of polygonal unknots.
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First The Super Quick Outline, more details to follow...

Getting Started

• Each knot is an
unknot so each
Ki bounds a disk
Di

• We will position
them in R3 so the
knots and disks
all share exactly
one point - the
origin. This takes
some work.



First The Super Quick Outline, more details to follow...

In the picture we
focus on the
portions of the
knots near the
origin.

• We now move
the knots by tiny
translations and
rotations until
they interlace
and
K1 lies inside K3
but
K3 lies inside K2
and yet
K2 lies inside K1.



Now a little slower...

For each Ki place vi
at the origin and
pick Di flat near the
origin.

• We pick disks D1,
D2, and D3 for
K1, K2, and K3
respectively that
are flat triangles
near the origin,
and such that vi
remains not only
an extremal
vertex for Ki , but
Di , too.



Forming the Borromean Rings out of random
polygonal unknots

For each Ki pick Di
flat near the origin.

• This takes a
small argument
that we will
quietly sweep
under the rug.



Forming the Borromean Rings out of random
polygonal unknots

Let vi be a global
extrema for each Ki .

• {e1, f1} ⊂ K1 lie
in the xy -plane.

• {e2, f2} ⊂ K2 and
{e3, f3} ⊂ K3 lie
in the yz-plane.*



Making two disks intersect in a single point is easy.
Three may require scaling.

Scaling Up

• If the knots aren’t
planar we may
have to scale up
to make sure the
disks do not
intersect.

• We make the flat
part of D3 much
larger than all of
D2 and the flat
part of D1 much
larger than the
other two knots.



Forming the Borromean Rings out of random
polygonal unknots

Scaling Up

• The horizontal,
flat part of D1 is
huge.

• We then know D1
intersects the
other disks and
knots only at the
origin, their
global extrema in
terms of z.



Forming the Borromean Rings out of random
polygonal unknots

Vectors tell us how
to translate the
knots

• Vector ~w has its
head at v2 and its
tail at the other
vertex of f2 and
vector ~v has its
head on v3 at the
origin and its tail
between e3 and
f3. These give
directions to
initially move the
knots by ε.



From now on we may pick an ε > 0 and be sure no
point on any disk moves more than ε ever again.

Small movements
ensure the disks
continue to only
intersect in this
picture and never
outside of this
neighborhood of the
origin.

• We shifted K2
slightly in the
direction of the
vector ~w and K3
slightly in the
direction of ~v .



Forming the Borromean Rings out of random
polygonal unknots

Shifted kntos

• Choose l so that
it is parallel to f2.

• Let pe and pf be
l ∩ e3 and l ∩ f3
respectively



Forming the Borromean Rings out of random
polygonal unknots

Figure: The initial intersection of the disks D1 ∩ D2.



Forming the Borromean Rings out of random
polygonal unknots

Figure: The initial intersection of the disks D1 ∩ D3.



Forming the Borromean Rings out of random
polygonal unknots

Figure: The initial intersections of the disks D2 ∩ D3.



Forming the Borromean Rings out of random
polygonal unknots

Figure: The initial intersections all pictured at once.



Forming the Borromean Rings out of random
polygonal unknots

Rotate K3

• Rotate K3 around
l .

• Next we will shift
K2 according to
~u.
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Forming the Borromean Rings out of random
polygonal unknots

Translate K2 to get
the Borromean
Rings

• Translate K2
slightly in the
direction of
horizontal vector
~u which lies in
the xy -plane with
its tail at the
origin and its
head between e1
and f1.



Forming the Borromean Rings out of random
polygonal unknots

• K2 is inside K1



Forming the Borromean Rings out of random
polygonal unknots

• K3 is inside K2.



Forming the Borromean Rings out of random
polygonal unknots

• K1 is inside K3.



Forming the Borromean Rings out of random
polygonal unknots

Figure: The Intersections of the disks in the final format.



Forming the Borromean Rings out of random
polygonal unknots

• Hooray, we have the intersection pattern above on each of
the disks and thus have the Borromean Rings.



So is Cook’s conjecture true?

Conjecture
(Matthew Cook) The Borromean Rings can be formed out of
any set of three unknots as long as at least one of them is not a
circle.

• Perhaps it depends on how you interpret it.
• Do we allow scaling?
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Jason Cantarella’s possible counterexample to the
conjecture.

The knot lives on a torus
pictured and parameterized
as follows:

• x = 5.1 ∗ cos(θ) + 5 ∗
cos(ψ) ∗ cos(θ), y =
5.1 ∗ sin(θ) + 5 ∗ cos(ψ) ∗
sin(θ),5 ∗ sin(ψ)],0 ≤ ψ ≤
2 ∗ π,0 ≤ θ ≤ 2 ∗ π.



K1 and K2 are circles of radius 10, K3 is pictured below.

K3 lives on a torus and
mostly consists of circular
arcs

• K3 wraps around the fat
torus many times (18 here)
in one direction, but only
once in the other. It
consists of n (18) arcs of
circles outside of a small
neighborhood of the origin
and then short arcs on the
torus connecting adjacent
arcs to complete a single
knot.
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Jason Cantarella’s possible counterexample to the
conjecture

The knot lives on a torus and
mostly consists of circular
arcs

• Thanks to Matt Mastin for
generating these great
torus unkots with
Mathematica.



The knot lives on a torus
pictured and parameterized
as follows:

• The circles are much
bigger than K3 and K3
“locally" looks like circles.
Without scaling it seems
likely that these three
knots will not be able to
form the Borromean rings.

• Note that the pictures are
formed with a computer so
they are really polygonal
unkots, so...
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