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There are many spatial graph invariants, but all have limitations.

Some examples are:

e Yamada polynomial — ambient isotopy invariant for 3-valent
graphs, otherwise it's only a regular isotopy invariant (i.e., it
isn't invariant under Reidemeister 1 moves).

e Yokota polynomial — ambient isotopy invariant, but difficult to
compute, and can't distinguish mirror images.

e Wu invariant — homology invariant (hence ambient isotopy
invariant), depends on labeling of vertices, and tedious to
compute for a new graph.

e Simon invariant — ambient isotopy invariant, easy to compute,
only defined for K5 and K33, depends on labeling of vertices.
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The Wu or Simon invariant can be used to show:

For any embedding ' of K5 or K33 in S3, there is no orientation
reversing homeomorphism of (S3,T) which fixes every vertex.
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The Wu or Simon invariant can be used to show:

For any embedding ' of K5 or K33 in S3, there is no orientation
reversing homeomorphism of (S3,T) which fixes every vertex.

However, these graphs have a achiral embeddings if you don't
require vertices to be fixed.

K K

achiral embeddings

Reflection interchanges vertices 1 and 2.

Erica Flapan, Will Fletcher, Ryo Nikkuni Reduced Wu and Generalized Simon Invariants



A graph is said to be intrinsically chiral if no embedding of it in
53 has an orientation reversing homeomorphism.

In this talk we define numerical invariants of spatial graphs with
the properties:

e They are easy to compute.
e They can be used to prove intrinsic chirality.

e They give lower bounds for the minimum crossing number of
an embedding.
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A combinatorial method for computing the Wu invariant,
introduced by Taniyama:

Erica Flapan, Will Fletcher, Ryo Nikkuni Reduced Wu and Generalized Simon Invariants



A combinatorial method for computing the Wu invariant,
introduced by Taniyama:

Let G have vertices vi, vo, ..., vy and oriented edges e, e, ..., €.
For every disjoint pair ¢; and e; define a variable E€% = E%¢.

Let Z(G) be the free Z-module generated by the E4'’s.
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A combinatorial method for computing the Wu invariant,
introduced by Taniyama:

Let G have vertices vi, vo, ..., vy and oriented edges e, e, ..., €.
For every disjoint pair ¢; and e; define a variable E€% = E%¢.

Let Z(G) be the free Z-module generated by the E4'’s.

Example: M b
2K d
3 ¢ C3 ! d;
V2 V3 u, Uj
Z(2Ky) =

<Ecl’d1, EChdz7 EC1,d37 EC2,d1, ECz,dz, E627d3, EC3,d17 Eca,dz7 EC3,d3>
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Write /(k) = s and T (k) = r to mean the oriented edge e has
initial vertex vs and terminal vertex v,.

For every edge e; and disjoint vertex v, define a variable V&>,

For a given edge e; and disjoint vertex vs, define

s(Vevs) = Z Eeiex _ Z E®S € Z(G)
1(k)=s T()=s
eiNe,=0 eiNej=0

That is, §(V€**) is the sum of all edge variables disjoint from e;
with initial vertex vs, minus the sum of all edge variables disjoint
from e; with terminal vertex vs.
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Example: V: Y
2K3 C1 C3 dl ‘ d3
Va Vi oouy u;

s(veri) = Z ECl:6 _ Z E1& — Fadi _ pa,ds

1(k)=u1 T()=uwu
Cc1 ﬂekZ(Z) C1 ﬁej:Q)
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Example:

Vi U
Va Vi oouy u;

s(veri) = Z ECl:6 _ Z E1& — Fadi _ pa,ds

1(k)=u1 T()=uwu
Cc1 ﬂekZ(Z) C1 ﬁej:Q)

B(G) is defined as the submodule generated by all the 6(V¢>*),
and the linking module is defined as L(G) = Z(G)/B(G).

In L(K33), we have [E%] = [E1:%]
It can be shown that L(2K3) = ([E%]) = Z.
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Taniyama's method for computing the Wu invariant

For an embedding f : G — S3, define /(f(e;), f(e;)) to be the sum
of the signs of crossings between f(e;) and f(e;).

[The W invariant is definedas ]
= ) Uf(e)(&)E™ € L(G)

eiNe= =0

Recall L(2K3) = ([E®19]).
L(F) = S U(F(e)), F(d))[ES] = 21k(F)[E4] € ([Eves])
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Taniyama proved the Wu invariant is a homology invariant.
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Taniyama proved the Wu invariant is a homology invariant.

We obtain an integer valued invariant as follows.

Let G be a labeled graph with oriented edges and ¢ : L(G) — Z be
a homomorphism. For any embedding f of G, define the reduced

Wu invariant £ (f) as the integer (£(f)). We write £(e;, ¢;) for

e([E9]), then L (f) =

| X ) FENIET | = X df(e). Fle)elene)

e,ﬂej=® e,ﬂej=®

That is, the sum of the crossing numbers between disjoint pairs of
edges multiplied by integer coefficients.
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It can be shown (this is tedious) that for every pair of disjoint
edges a and b, in L(K33) we have [E??] = ¢(a, b)[E%3] where

e(ci,¢j) =1, e(bi, bj) = 1, and

(ci, b) 1 if ¢; and b; are parallel
e\¢i, bj) = . .
" 1 if ¢; and b; are anti-parallel
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It can be shown (this is tedious) that for every pair of disjoint
edges a and b, in L(K33) we have [E??] = ¢(a, b)[E%3] where

e(ci,¢j) =1, e(bi, bj) = 1, and

1 if ¢; and b; are parallel
8(Cia b_j) = . .
—1 if ¢; and b; are anti-parallel
Thus L(K33) = ([E?]). Hence for any embedding f of K33 the
Wu invariant of f is

L(F)= ) e(a b)(f(a), f(b))[E*]
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From previous slide the Wu invariant of f : K33 — S3is

L(f)= Y e(a b)(f(a), f(b))[E*]

anb=0
where ¢(a, b) is (¢, ¢j) = 1, e(bi, bj) = 1, and

(ci. by) 1 if ¢c; and b; are parallel
e(ci, bj) = _ .
v 1 if ¢; and b; are anti-parallel

We define € : L(K33) — Z by giving the value of ¢ on the
generator [E?9] as e(c1, c3) = 1.

Thus the reduced Wu invariant for f : K33 — 53 is the integer

L(f)= ) e(a b)i(f(a), f(b))

anb=0
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Recall, e(a, b) is e(ci, ¢j) = 1, e(bj, bj) = 1, and

(6, by) 1 if ¢c; and b; are parallel
el¢i, bj) = . .
" —1 if ¢; and b; are anti-parallel

So for this embedding
Lo(F) = Y anp—p el b)U(F(a), F(b)) = e(es, 66) x (~1) = 1

Erica Flapan, Will Fletcher, Ryo Nikkuni

Reduced Wu and Generalized Simon Invariants



For the graphs K33 and Ks, the Simon invariant is the same as the
reduced Wu invariant.

However, Simon proved invariance up to isotopy directly by
showing the value of > -, _4e(a, b){(f(a), f(b)) is unchanged by
Reidemeister moves for spatial graphs.

0 Qe =X
w)( = X
K K
™ SO0 S o X
W > C o ¥
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By using Simon’s method we can create isotopy invariants of other
spatial graphs. In particular,

Let G be an oriented labeled graph. If we can define an
integer-valued function £(a, b) such that for any projection of an
embedding f : G — S3 the value of

L(f) = Y e(a b)i(f(a), f(b))
anb=0

is invariant under the Reidemeister moves, then we say L. is a
generalized Simon invariant for G.
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By using Simon’s method we can create isotopy invariants of other
spatial graphs. In particular,

Let G be an oriented labeled graph. If we can define an
integer-valued function £(a, b) such that for any projection of an
embedding f : G — S3 the value of

L(f) = Y e(a b)i(f(a), f(b))
anb=0

is invariant under the Reidemeister moves, then we say L. is a
generalized Simon invariant for G.

Since the reduced Wu invariant is a homology invariant, it is
invariant under the Reidemeister moves.

Thus any reduced Wu invariant is also a generalized Simon
invariant.
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The only difficulty in defining a generalized Simon invariant is
proving that >, c(a, b)l(f(a), f(b)) is invariant under
Reidmeister move (V).

N s crossing within an
9 /N /Q edge is irrelevant
m)( = X
- no effect on generalized
/ —~ A \ Simon invariant
am - AN SO
crossing between

(V) ?CX §< — XX adjacent edges is irrelevant

_\C —
V) -._/5' —> ? C PAERN ?
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The oriented cycle X1x2...x7 determines the oriented cycles
Yiya---y7 and z1z3...z7.
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Define e(x;,y;) = —1 and

e(xi,xj)) = e(yi, yj) = e(zi, zj) = e(xi, zj) = e(yi, zj) =1
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Define e(x;,y;) = —1 and

e(xi,x;) = elyi, yj) = e(zi, z)) = e(xi, z;) = e(yi  zj) = 1

For any embedding f of K7,
L(f)= > (a b)(f(a), f(b))
anb=0
is invariant under the Reidmeister moves.
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Thus Ze(f) is a generalized Simon invariant.

Note that if we reverse the orientation of X1x2...x7, it reverses the
orientations of all edges.

Hence Ze(f) does not depend on the orientation of X1x...x7.
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For any embedding f of K7, the value of L.(f) is odd.

Proof: Consider an embedding f with this projection, with some
over-under information.

Each crossing has ¢(a, b) = 1, since there are no crossings between
any x; and any y;.
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There are 35 crossings and all ¢(a, b) = 1.
Thus Lo(f) = 3 ,rpep £(a, b)U(F(a), F(b)) is odd.

Any crossing change will change the signed crossing number
between two edges by £2.

So for any embedding L.(f) is odd.
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K7 is intrinsically chiral.

Proof: Suppose that K7 has an achiral embedding f.

Then there is an orientation reversing homeomorphism

h: (S8, f(K7)) — (S3, f(K7)).

Let J denote the set of Hamiltonian cycles with nonzero arf
invariant.

By Conway-Gordon, |J| is odd.

h permutes the elements of J, so the order of some orbit is an odd
number n.

.. h" setwise fixes some Hamiltonian cycle with nonzero arf
invariant.

Erica Flapan, Will Fletcher, Ryo Nikkuni Reduced Wu and Generalized Simon Invariants



Let X1x2...x7 be a Hamiltonian cycle preserved by h". This defines
the oriented cycles y1y>...y7 and Z1z5...z7.
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Let X1x2...x7 be a Hamiltonian cycle preserved by h". This defines
the oriented cycles y1y>...y7 and Z1z5...z7.

Since X1xz...x7 is setwise invariant under h", the cycles y1y»...y7
and Z1z>...z7 are also setwise invariant under h".

Thus h" preserves all values of (a, b).

Also, if h" reverses the orientation of X1x2...x7, then h" reverses
the orientation of all edges.
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Since h" is orientation reversing, for each pair of edges a and b
((h"(f(a)), h"(f(b))) = —L(f(a), (b))
Since h" preserves all values of £(a, b), this means

L(h"of)) =~ 3 e(a, b)(f(a), (b)) = —L(f)

anb=0

Erica Flapan, Will Fletcher, Ryo Nikkuni Reduced Wu and Generalized Simon Invariants



Since h" is orientation reversing, for each pair of edges a and b
t(h"(f(a)), h"(f(b))) = —£(f(a), f(b))
Since h" preserves all values of £(a, b), this means

L(h"of)) =~ 3 e(a, b)(f(a), (b)) = —L(f)

anb=0
But since h"(f(K7)) = f(Kz7), we also have

L(h" o f)) = L(f)

~

Thus Lo(f) = —Lo(f). =><= since L.(f) is odd.

Therefore K7 is intrinsically chiral.
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We use generalized Simon invariants to prove Mobius ladders
Mopy1 with N > 1 and Heawood graph Ci4 are intrinsically chiral.

XaNg2 X

e Every homeomorphism of (S3, f(Man 1)) with N > 1 leaves
the cycle X1 ... Xan12 setwise invariant [Simon].

e Every homeomorphism of (S3, f(Cy4))leaves either a 14-cycle
or a 12-cycle setwise invariant [Nikkuni].
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Generalized Simon invariants can be used to show that a particular
projection of a spatial graph has minimal crossing number.
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Generalized Simon invariants can be used to show that a particular
projection of a spatial graph has minimal crossing number.

Theorem

Let f be an embedding of an oriented graph G in S3 with
generalized Simon invariant £.(f), and let ¢(f) be the minimal
crossing number of f. For a given projection of (G), let m_(f) be
the maximum of |e(e;, ej)| over all disjoint edges with

U(f(ei), f(e)) #0. Then

~

|[£e(F)]

c(f) > ()
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Thus

IN

IN

> elei g)Uf(er), f(ey))

e,-nej:(D

Y lelen e)le(f (), f(e)

e;ﬂej:@

m(f) Y [U(f(er). f(e))l

e,-nej:(D

me(f)c(f)

1L<(F)|
mg(f)

c(f) >
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s

N
Z
A
e
3
>
&

7N
>
>

L
Y
Z3
Yoly
X3 N X4

e(zi,zj) =1, e(xi, y)) = —1, e(yi, z)) =0

0

Y

3 if x; and x; are anti-parallel

e(xj, x;) =
G- ) 2 if x; and x; are neither parallel nor anti-parallel
( ) 0 if y; and y; are anti-parallel
Vi, yj) = . : :
B —1 if y; and y; are neither parallel nor anti-parallel
- _y_ )1 ifx and z are anti-parallel
e(xi, zj) =

1 if x; and z; are parallel
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me(f) is maximum of |e(ej, €j)| over all disjoint edges with
U(f(ei), f(e)) #0. So m(f) = 1.
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me(f) is maximum of |e(ej, €j)| over all disjoint edges with
U(f(ei), f(e)) #0. So m(f) = 1.

L.(f)=e(ys, y6) - 1+e(xa,22) - 1+e(y1,ys)-3=—-1-1-3=—5
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me(f) is maximum of |e(ej, €j)| over all disjoint edges with
U(f(ei), f(e)) #0. So m(f) = 1.

ﬁa(f) =ce(ys,¥6) 1+e(xq,22) 1 +e()1,y4)-3=-1-1-3=-5

By the theorem, R
[L(f)]
m.(f)

Thus this projection has minimal crossing number.

=5

c(f) >
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Thanks for listening and for coming to our conference.

See you in Tokyo in August.
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