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Knot quandle

Every knot has a fundamental quandle.

a

c
b

a � b = c
b � c = a
c � a = b

Q(T2,3) = 〈a,b, c | a � b = c,b � c = a, c � a = b〉

The fundamental quandle completely classifies (unoriented)
knots (Joyce, 1982).
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Definition of a quandle

A quandle is a set Q equipped with two binary operations �

and �−1 that satisfy the following three axioms:

A1. x � x = x for all x ∈ Q.

A2. (x � y)�−1 y = x = (x �−1 y)� y for all x , y ∈ Q.

A3. (x � y)� z = (x � z)� (y � z) for all x , y , z ∈ Q.

These axioms correspond to the Reidemeister moves.

A quandle Q is an n-quandle if

x �n y = (((x � y)� y) · · · )� y = x

for all x , y ∈ Q (where the � operation is repeated n times).
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Normally, the fundamental quandle of a link is infinite.

Proposition

The fundamental quandle Q(L) of an oriented link L is finite if
and only if L is either the unknot or the Hopf link.

Look instead at the fundamental n-quandle Qn(L) of the link.

Add relations x �n y = x for all x , y in the quandle.

Some non-trivial links do have finite n-quandles. These were
classified by Hoste and Shanahan (2017).
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Links with finite n-quandles

1 (H-S) Qn(L) is finite ⇐⇒ π1(Mn(L)) is finite, where Mn(L)
is the n-fold cyclic branched cover of S3, branched over L.

2 If π1(Mn(L)) is finite, Thurston’s geometrization theorem
implies O(L,n) (the 3-orbifold with underlying space S3

and singular set L, with every component labeled n) is a
spherical orbifold.

3 Dunbar classified all the geometric, non-hyperbolic
3-orbifolds, so the links can be read off from his
classification.
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Links with finite n-quandles

k

n>1 k 6=0, n=2 n=3,4,5

n=3 n=2 n=2

k

n=3 n=2 k 6=0, n=2
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Links with finite n-quandles

p1/q

k

p2/q

k

p/q

k+p1/q+p2/q 6=0, n=2 n=2

p2/2

k

p1/2 p3/q3 p2/3

k

p1/2 p3/3

k+p1/2+p2/2+p3/q3 6=0, n=2 k+p1/2+p2/3+p3/36=0, n=2

p2/3

k

p1/2 p3/4 p2/3

k

p1/2 p3/5

k+p1/2+p2/3+p3/46=0, n=2 k+p1/2+p2/3+p3/56=0, n=2
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Describing finite n-quandles of knots and links

We would like to develop explicit descriptions of these finite
n-quandles, including

number of elements

Cayley graph or multiplication table

automorphism groups
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Progress so far

Hoste and Shanahan (2017) described the involutory quandles
(2-quandles) of the (2,2, r)-Montesinos links.

p2/2

k

p1/2 p3/q3

By flypes, we may assume p1 = p2 = 1.

Theorem (H-S, 2017)

If L(1/2,1/2,p/q; k) is a (2,2, r)-Montesinos link with
0 < p < q, gcd(p,q) = 1 and k ∈ Z, then

|Q2(L)| = 2(q + 1)|(k − 1)q − p|.
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Progress so far

Crans, Hoste, M. and Shanahan (2019) described the finite
n-quandles for the first 10 links in the table, including Cayley
graphs and automorphism groups. These include the
two-bridge and torus knots with finite n-quandles, along with
some knots with “axes."

This involved using a Mathematica program to generate the
Cayley graph using an algorithm due to Winker.

The automorphism, inner automorphism and transvection
groups were computed for individual knots using GAP.
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Progress so far

For example, below are the torus knot T2,5 and the Cayley
graph for Q3(T2,5).

a
b
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Progress so far

Qn |Qn| Aut Inn Trans
Q2(Lp/q) q Zq o Z∗q Dq/ gcd(2,q) Zq/ gcd(2,q)
Q3(T2,3) 4 A4 A4 Z2 × Z2
Q4(T2,3) 6 S4 S4 A4
Q5(T2,3) 12 A5 A5 A5
Q3(T2,4) 8 S4 A4 A4
Q3(T+−

2,4 ) 8 Z2 × A4 A4 Z2 × Z2

Q3(T2,5) 20 S5 A5 A5
Q2(T3,3) 6 Z2 × S4 Z2 × Z2 Z2 × Z2
Q2(T3,4) 12 Z2 × S4 A4 A4
Q2(T3,5) 30 Z2 × S5 A5 A5

Q2(T2,q ∪ A) 2 + 2|q| Z2 ×
(
Z2q o Z∗2q

)
D2q/ gcd(2,q) Dq

Q2(T2,3 ∪ B) 18 Z2 × Z2 × S4 S4 S4
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Still to do

k

p/q p2/3

k

p1/2 p3/3

n=2 k+p1/2+p2/3+p3/36=0, n=2

p2/3

k

p1/2 p3/4 p2/3

k

p1/2 p3/5

k+p1/2+p2/3+p3/46=0, n=2 k+p1/2+p2/3+p3/56=0, n=2
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Q2(L(k ,p/q) ∪ C)

I have studied the first of these families, denoted L(k ,p/q) ∪ C.

k

p/q

Theorem (M., 2019)

|Q2(L(k ,p/q) ∪ C)| = 2q(|kq − p|+ 1).
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Cayley graph of Q2(L(k ,p/q) ∪ C) with kq − p odd
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Cayley graph of Q2(L(k ,p/q) ∪ C) with kq − p even
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Other orbifolds

Dunbar’s classification of spherical orbifolds contains many
where the underlying locus is a spatial graph, rather than a link;
or a link in which not all components get the same label.

(Unlabeled edges/components are labeled 2.)
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Other orbifolds

Perhaps these other orbifolds also are associated with finite
quandles.

Questions:

How do we define quandles for spatial graphs?

How do we deal with different labels on different
components or edges?
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Quandles of spatial graphs

Quandles and n-quandles can be defined for spatial graphs just
as for knots and links. We use the same crossing relations, but
we need to add relations at each vertex:

xkxj

xi a
1

a
2

a
3

a
n-1

a
n

xi = xk � xj ((x �ε1 a1)�
ε2 a2) · · ·�εn an = x

(x is any element of the quandle)
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(n1, . . . ,nk)-Quandles

For a link with k components, or a graph with k edges, with the
components/edges ordered from 1 to k , we define the
fundamental (n1, . . . ,nk )-quandle as the quotient of the
fundamental quandle obtained by adding relations

x �ni y = x

where x is any element of the quandle, and y is a generator
associated to any arc of the i th component/edge.

Question
Do the labeled links and graphs on Dunbar’s list give rise to
finite (n1, . . . ,nk )-quandles?
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Example: (2,2,3)-quandle

Consider the handcuff graph H below:

a b

e

c
d

3
2

2

a � b = e
b � a = d
((x � b)�−1 c)�−1 d = x
((x � a)� c)�−1 e = x
x �3 a = x �3 e = x
x �2 b = x �2 d = x �2 c = x

|Q2,2,3(H)| = 32
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Some more evidence

|Q2,3,4(G1)| = 26 |Q2,2,2,3,3,3(G2)| = 240 |Q2,2,3(L3)| = 26
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Future Work

Describe remaining finite n-quandles of links (three
families).

Compute quandles for other graphs and links in Dunbar
(starting with those that are not infinite families) - joint work
with Riley Smith.
Attempt to extend Hoste-Shanahan result to graphs and
links with multiple labels.
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Thank You

Thank you all for coming to this talk.
Any questions?
blake.mellor@lmu.edu
http://blakemellor.lmu.build
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