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Subknots and slipknots in knot diagrams

The definitions of subdiagrams together with the definition of the
knot type of knotoid diagrams yield definitions for subknots and
slipknots of knot diagrams.

Definition (Weak subknots)

For two (open) knot types [K ] and [L], say [K ] ≈ [L] if they at
least half agree.

Example

[31] ≈
1

2
[31] +

1

2
[41]

Results hold even if definition of ≈ is strengthened
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The Mathematics



Definition (Turaev)

A knotoid is an equivalence class of knotted arc diagrams.

Knotoid equivalence is generated by Reidemeister moves and
planar isotopy, where the following moves are forbidden:
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A Geometric Interpretation:



There are many ways of closing knotoids to get (virtual) knots.
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Definition

Two knots K1 and K2 are knotoid equivalent if there is a knotoid
that has K1 as its over closure and K2 as its under closure.

Example: The unknot and the trefoil are knotoid equivalent.

o u



Definition

Two knots K1 and K2 are knotoid equivalent if there is a knotoid
that has K1 as its over closure and K2 as its under closure.

Example: The unknot and the trefoil are knotoid equivalent.

o u



Question: Is this relation really an equivalence relation?

I Reflexivity
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The questions we asked:

I Which pairs of knots are knotoid equivalent?

I How many equivalence classes are there?

The answer we found:

Main Theorem (Adams-H-Kearney-Scoville)

Every pair of knots is knotoid equivalent.
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The Proof



Theorem (Hotz, Ozawa)

Every knot has a diagram composed of two arcs—say, a red arc
and a black arc, glued at their endpoints—such that neither arc
crosses itself.

Proof idea:
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Main Theorem (Adams-H-Kearney-Scoville)

For any two knots K1 and K2, K1 is knotoid equivalent to K2.

Proof idea:

I Start with K2 and create a related unknot diagram, U(K2),
(where the red arc passes over the black one).

K2 U(K2)
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Main Theorem (Adams-H-Kearney-Scoville)

For any two knots K1 and K2, K1 is knotoid equivalent to K2.

Proof idea:

I Take K1 and the unknot diagram derived from K2.

K1 U(K2)



Main Theorem (Adams-H-Kearney-Scoville)

For any two knots K1 and K2, K1 is knotoid equivalent to K2.

Proof idea:

I Take the connect sum of K1 and U(K2).

K1 ∼ K1#U(K2)



Main Theorem (Adams-H-Kearney-Scoville)

For any two knots K1 and K2, K1 is knotoid equivalent to K2.

Proof idea:

I Shift the overstrands of K1 right
and the changed crossings from U(K2) left.
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Main Theorem (Adams-H-Kearney-Scoville)

For any two knots K1 and K2, K1 is knotoid equivalent to K2.

Proof idea:

I Shift the overstrands of K1 right
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Main Theorem (Adams-H-Kearney-Scoville)

For any two knots K1 and K2, K1 is knotoid equivalent to K2.

Proof idea:

I Replace a black understrand with a black overstrand.

U(K1)#K2



Main Theorem (Adams-H-Kearney-Scoville)

For any two knots K1 and K2, K1 is knotoid equivalent to K2.

Proof idea:

I Shift pushed strands back.

U(K1)#K2 ∼ K2



Main Theorem (Adams-H-Kearney-Scoville)

For any two knots K1 and K2, K1 is knotoid equivalent to K2.

Proof idea:

I Use the shifted-strands diagram to find desired knotoid.

K1 K2



Open questions:

I Given K1 and K2, what is the minimum number of crossings
required in a knotoid that yields their equivalence?

I Is there a family of knots for which the knotoids relating pairs
of these knots must have arbitrarily large crossing numbers?

I Given K1 and K2, what is the minimum number of crossings
that must be changed when switching from the over closure to
the under closure of a knotoid that yields their equivalence?



Open questions:

I Given K1 and K2, what is the minimum number of crossings
required in a knotoid that yields their equivalence?

I Is there a family of knots for which the knotoids relating pairs
of these knots must have arbitrarily large crossing numbers?

I Given K1 and K2, what is the minimum number of crossings
that must be changed when switching from the over closure to
the under closure of a knotoid that yields their equivalence?



Open questions:

I Given K1 and K2, what is the minimum number of crossings
required in a knotoid that yields their equivalence?

I Is there a family of knots for which the knotoids relating pairs
of these knots must have arbitrarily large crossing numbers?

I Given K1 and K2, what is the minimum number of crossings
that must be changed when switching from the over closure to
the under closure of a knotoid that yields their equivalence?



Open questions:

I Given K1 and K2, what is the minimum number of crossings
required in a knotoid that yields their equivalence?

I Is there a family of knots for which the knotoids relating pairs
of these knots must have arbitrarily large crossing numbers?

I Given K1 and K2, what is the minimum number of crossings
that must be changed when switching from the over closure to
the under closure of a knotoid that yields their equivalence?



A big thank you to the Simons Foundation!

(Award # 426566)



DANKE

SPASIBO

GRACIAS
THANK YOU

ARIGATŌ
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